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FORMULAE SHEET 
 

Laplace Transform 𝑋(𝑠) = & 𝑥(𝑡)𝑒*+,
-.

*.

𝑑𝑡 𝑥(𝑡) =
1
2𝜋𝑗

& 𝑋(𝑠)𝑒+,
4-5.

4*5.

𝑑𝑠 

 𝑒*6,𝑢(𝑡) 		
								ℒ								
:⎯⎯⎯⎯<			

1
𝑠 + 𝛼

, ℜ{𝑠} > −𝛼 

Discrete-time 
convolution 𝑥[𝑛] ∗ ℎ[𝑛] = J 𝑥[ℓ]ℎ[𝑛 − ℓ]

-.

ℓL*.

= J ℎ[ℓ]𝑥[𝑛 − ℓ]
-.

ℓL*.

= ℎ[𝑛] ∗ 𝑥[𝑛] 

Fourier Transform 𝑋(𝑒5M) = J 𝑥[𝑛]𝑒*5MN
-.

NL*.

 𝑥[𝑛] =
1
2𝜋

& 𝑋(𝑒5M)𝑒5MN
-O

*O

𝑑𝜔 

 𝑥[−𝑛] 		
						ℱ						
:⎯⎯⎯< 		𝑋(𝑒*5M) 𝑥∗[𝑛] 		

						ℱ						
:⎯⎯⎯<		𝑋∗(𝑒*5M) 

 𝑥R[𝑛] =
𝑥[𝑛] + 𝑥∗[−𝑛]

2
= 𝑥R∗[−𝑛] 		

						ℱ						
:⎯⎯⎯< 		ℜS𝑋(𝑒5M)T 

 𝑥U[𝑛] =
𝑥[𝑛] − 𝑥∗[−𝑛]

2
= −𝑥U∗[−𝑛] 		

						ℱ						
:⎯⎯⎯< 		𝑗ℑS𝑋(𝑒5M)T 

 ℜ{𝑥[𝑛]} 		
						ℱ						
:⎯⎯⎯<		𝑋RW𝑒5MX = 𝑋R∗W𝑒*5MX 

 𝑗ℑ{𝑥[𝑛]} 		
						ℱ						
:⎯⎯⎯<		𝑋UW𝑒5MX = −𝑋U∗W𝑒*5MX 

 𝑥[𝑛 − 𝑛Y] 	
						ℱ						
:⎯⎯⎯<	𝑒*5MNZ𝑋W𝑒5MX 𝑒5NMZ𝑥[𝑛] 	

						ℱ						
:⎯⎯⎯< 	𝑋W𝑒5(M*MZ)X 

 𝑛𝑥[𝑛] 	
					ℱ					
:⎯⎯< 	𝑗

𝑑𝑋W𝑒5MX
𝑑𝜔

 𝑥[𝑛] ∗ 𝑦[𝑛] 	
					ℱ					
:⎯⎯< 	𝑋W𝑒5MX𝑌W𝑒5MX 

(periodic convolution) 𝑥[𝑛]𝑦[𝑛] 		
					ℱ					
:⎯⎯<			

1
2𝜋
	& 𝑋W𝑒5]X𝑌W𝑒5(M*])X𝑑𝜃

-O

*O
 

 𝑒5NMZ 		
						ℱ						
:⎯⎯⎯< 		2𝜋 J 𝛿(𝜔 − 𝜔Y + 𝑘2𝜋)

-.

aL*.

 

 J 𝛿[𝑛 − ℓ]
-.

ℓL*.

	
						ℱ						
:⎯⎯⎯< 	2𝜋 J 𝛿(𝜔 + 𝑘2𝜋)

-.

aL*.

 

 𝛿[𝑛] 	
						ℱ						
:⎯⎯⎯< 	1 𝛿[𝑛 − 𝑛Y] 	

						ℱ						
:⎯⎯⎯<	𝑒*5MNZ  

 𝑎N𝑢[𝑛], |𝑎| < 1			 	
						ℱ						
:⎯⎯⎯<				

1
1 − 𝑎𝑒*5M

 

 (𝑛 + 1)𝑎N𝑢[𝑛], |𝑎| < 1			 	
						ℱ						
:⎯⎯⎯<				

1
|1 − 𝑎𝑒*5M|e

 

Low-pass filter 
sin(𝑛𝜔i)

𝑛𝜋
			 	

						ℱ						
:⎯⎯⎯<				 j1,

|𝜔| ≤ 𝜔i
0, 𝜔i < |𝜔| ≤ 𝜋 

Parseval Theorem J 𝑥[𝑛]𝑦∗[𝑛]
-.

NL*.

= 	
1
2𝜋
	& 𝑋W𝑒5MX𝑌∗W𝑒5MX𝑑𝜔

-O

*O
 

Cross-correlation 𝑟no[ℓ] = 𝑥[ℓ] ∗ 𝑦∗[−ℓ] =J 𝑥[𝑘]	𝑦∗[𝑘 − ℓ]
-.

aL*.
 

 𝑟no[ℓ] 		
						ℱ						
:⎯⎯⎯<		𝑅noW𝑒5MX = 𝑋W𝑒5MX𝑌∗W𝑒5MX 

 𝑟no[ℓ] = 𝑟on∗ [−ℓ] q𝑟no[ℓ]q ≤ r𝑟n[0]𝑟o[0] 
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Auto-correlation 𝑟n[ℓ] = 𝑥[ℓ] ∗ 𝑥∗[−ℓ] 		
						ℱ						
:⎯⎯⎯<		𝑅nW𝑒5MX = q𝑋W𝑒5MXq

e
 

 𝑟n[ℓ] = 𝑟n∗[−ℓ] |𝑟n[ℓ]| ≤ 𝑟n[0] 
Ideal sampling 𝑥i(𝑡) 			 	

						ℱ						
:⎯⎯⎯<				𝑋i(Ω) 𝑥[𝑛] 			 	

						ℱ						
:⎯⎯⎯< 				𝑋W𝑒5MX 

 𝑥[𝑛] = 𝑥i(𝑛𝑇) 		⟶ 				𝑋W𝑒5MX =
1
𝑇
J 𝑋i vΩ − k

2𝜋
𝑇
x

-.

aL*.
,					𝜔 = ΩT 

Ideal reconstruction 𝑦i(𝑡) =J 𝑦[𝑛] sinc {
𝜋
𝑇
(𝑡 − 𝑛𝑇)|

-.

NL*.
,					sinc(𝜃) =

sin	(𝜃)
𝜃

 

Z-Transform 𝑋(𝑧) = J 𝑥[𝑛]𝑧*N,			𝑅𝑜𝐶 ≡ 𝐶n

-.

NL*.

 𝑥[𝑛] =
1
2𝜋𝑗

�𝑋(𝑧)𝑧N*�𝑑𝑧 

 𝑥[𝑛 − 𝑛Y] 			
						�						
:⎯⎯⎯<	 		𝑧*NZ𝑋(𝑧),				𝑅𝑜𝐶 ≡ 𝐶n  

 𝑧YN𝑥[𝑛] 			
						�						
:⎯⎯⎯< 			𝑋(𝑧/𝑧Y),			𝑅𝑜𝐶 ≡ |𝑧Y|𝐶n  

 𝑥∗[𝑛] 			
						�						
:⎯⎯⎯<			𝑋∗(𝑧∗),			𝑅𝑜𝐶 ≡ 𝐶n  

 𝑥[−𝑛] 			
						�						
:⎯⎯⎯< 			𝑋(1/𝑧),			𝑅𝑜𝐶 ≡ 1/𝐶n 

 𝑛𝑥[𝑛] 			
						�						
:⎯⎯⎯<		−𝑧

𝑑𝑋(𝑧)
𝑑𝑧

,			𝑅𝑜𝐶 ≡ 𝐶n  

 𝑥[𝑛] ∗ 𝑦[𝑛] 			
						�						
:⎯⎯⎯< 		𝑋(𝑧)𝑌(𝑧),			𝑅𝑜𝐶 ≡ 𝐶n ∩ 𝐶o 

(complex convolution) 𝑥[𝑛]𝑦∗[𝑛] 			
						�						
:⎯⎯⎯<		

1
2𝜋𝑗

�𝑋(𝑣)𝑌∗(𝑧∗/𝑣∗)𝑣*�𝑑𝑣 ,			𝑅𝑜𝐶 ≡ 𝐶n𝐶o 

 𝑎N𝑢[𝑛] 			 	
						�						
:⎯⎯⎯<				

1
1 − 𝑎𝑧*�

,			 |𝑧| > |𝑎| 

 −𝑎N𝑢[−𝑛 − 1] 			 	
						�						
:⎯⎯⎯<				

1
1 − 𝑎𝑧*�

,			 |𝑧| < |𝑎| 

 𝑛𝑎N𝑢[𝑛] 			 	
						�						
:⎯⎯⎯<				

𝑎𝑧*�

(1 − 𝑎𝑧*�)e
,			 |𝑧| > |𝑎| 

 𝑎N sin(𝑛𝜔Y)𝑢[𝑛] 			 	
						�						
:⎯⎯⎯<				

𝑎 sin(𝜔Y) 𝑧*�
1 − 2𝑎 cos(𝜔Y) 𝑧*� + 𝑎e𝑧*e

,			 |𝑧| > |𝑎| 

 𝑎N cos(𝑛𝜔Y) 𝑢[𝑛] 			 	
						�						
:⎯⎯⎯<				

1 − 𝑎 cos(𝜔Y) 𝑧*�
1 − 2𝑎 cos(𝜔Y) 𝑧*� + 𝑎e𝑧*e

,			 |𝑧| > |𝑎| 

Parseval Theorem J 𝑥[𝑛]𝑦∗[𝑛]
-.

NL*.

= 	
1
2𝜋𝑗

�𝑋(𝑧)𝑌∗(1/𝑧∗)𝑧*�𝑑𝑧 ,			𝑅𝑜𝐶 ≡ 𝐶n𝐶o 

Correlation in Z-
domain 𝑟n[ℓ] = 𝑥[ℓ] ∗ 𝑥∗[−ℓ] 	

						�						
:⎯⎯⎯<	𝑅n(𝑧) = 𝑋(𝑧)𝑋∗ v

1
𝑧∗
x ,			𝑅𝑜𝐶 ≡ 𝐶n ∩ 1/𝐶n 

 𝑟no[ℓ] = 𝑥[ℓ] ∗ 𝑦∗[−ℓ]
				�				
:⎯< 𝑅no(𝑧) = 𝑋(𝑧)𝑌∗ v

1
𝑧∗
x , 𝑅𝑜𝐶 ≡ 𝐶n ∩ 1/𝐶o 

Residues (1st-order 
poles) 𝑋(𝑧) = J

𝐴a
1 − 𝑑a𝑧*�

�

aL�

 𝐴a = (1 − 𝑑a𝑧*�)𝑋(𝑧)|�L��  

Frequency Response 
and Group Delay 𝐻(𝑒5M) = q𝐻(𝑒5M)q𝑒5∠�(R��  𝜏(𝜔) = −

𝑑
𝑑𝜔

S∠𝐻(𝑒5MT 

All-pass (gain 
normalized) 𝐻(𝑧) =

𝑧*� − 𝛼∗

1 − 𝛼𝑧*�
 𝐻(𝑧) =

1
|𝛼|

𝑧 − 1
𝛼∗

𝑧 − 𝛼
 

Linear-phase system 𝐻W𝑒5MX = 𝐴(𝜔)𝑒5(�*6M); 				𝐴(𝜔) is real-valued;    𝛽, 𝛼 are constants 
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IIR filter (causal) 𝑦[𝑛] = J 𝑏a𝑥[𝑛 − 𝑘]
�*�

aLY

+ J 𝑎ℓ𝑥[𝑛 − ℓ]
�*�

ℓLY

 

Butterworth filter 𝐻�(𝑠)𝐻�(−𝑠) =
1

1 + { 𝑠jΩi
|
e� |𝐻�(Ω)|e =

1

1 + { ΩΩi
|
e� 

 𝑠a = Ωi𝑒
5 Oe�(ea-�-�),				𝑘 = 0,1, … ,2𝑁 − 1 

Impulse Invariance ℎ[𝑛] = 𝑇ℎ�(𝑛𝑇) 𝐻W𝑒5MX =J 𝐻i v
𝜔 − 𝑘2𝜋

𝑇
x

-.

aL*.
 

 𝐻�(𝑠) = J
𝐴a

𝑠 − 𝑠a

�*�

aLY

 𝐻(𝑧) = 𝑇J
𝐴a

1 − 𝑒+��𝑧*�

�*�

aLY

 

Bilinear 
Transformation 𝑠 =

2
𝑇
1 − 𝑧*�

1 + 𝑧*�
 𝑧 =

2 + 𝑠𝑇
2 − 𝑠𝑇

 

 Ω =
2
𝑇
tan{

𝜔
2
| ω = 2 tan−1 v

ΩT
2
x 

Rectangular window 𝑤¢[𝑛] = 𝑢[𝑛] − 𝑢[𝑁] = £1, 𝑛 = 0,1, … ,𝑁 − 1
0, 𝑜𝑡ℎ𝑒𝑟	𝑛  

Generalized Hamming 
window 𝑤�[𝑛] = v𝛼 − (1 − 𝛼) cosv

2𝜋𝑛
𝑁 − 1

xx𝑤¢[𝑛] 

 Hamming:  α = 0.54 Hanning:  α = 0.50 

Window method (FIR) 𝐻�W𝑒5MX 		
					ℱ					
:⎯⎯<	 	ℎ�[𝑛] ℎ[𝑛] = ℎ�[𝑛]𝑤[𝑛] 

 𝐻W𝑒5MX = 𝐻�W𝑒5MX ∗𝑊W𝑒5MX =	
1
2𝜋
	& 𝐻�W𝑒5]X𝑊W𝑒5(M*])X𝑑𝜃

-O

*O
 

Parks-McClellan 
(Linear-phase FIR) 𝐻W𝑒5MX = 𝐴(𝜔)𝑒*5(6M*�); 				𝐴(𝜔) is real-valued;    𝛽, 𝛼 are constants 

 𝐴(𝜔) = 𝑄(𝜔)J 𝑎[𝑛](cos𝜔)N
ª

NLY
 

 𝑄(𝜔) = 1 :  (FIR type 1) 𝑄(𝜔) = cos {M
e
|  :   (FIR type 2) 

 𝑄(𝜔) = sin(𝜔) :  (FIR type 3) 𝑄(𝜔) = sin {M
e
|  :   (FIR type 4) 

Sampling the Fourier 
Transform 

𝑌[𝑘] = 𝑋(𝑧)|
�LR��

«¬

= 𝑋W𝑒5MXq

MLaeO�
,				𝑘 = 0,1, … ,𝑁 − 1 

 𝑥[𝑛] 			
						�						
:⎯⎯⎯< 	𝑋(𝑧) 𝑦[𝑛] =J 𝑥[𝑛 + ℓ𝑁]

-.

ℓL*.
 

Transfer function 
reconstruction 𝐻(𝑧) =

1 − 𝑧*�

𝑁
J

𝐻[𝑘]
1 −𝑊�*a𝑧*�

�*�

aLY

,						𝑊 = 𝑒*5eO 

DFT v𝑊�
6 = 𝑒−𝑗2𝜋

𝛼
𝛽x 𝑋[𝑘] = J 𝑥[𝑛]𝑊�

aN
�*�

NLY

 𝑥[𝑛] =
1
𝑁
J 𝑋[𝑘]𝑊�

*aN
�*�

aLY

 

 𝑥[(−𝑛)�] 		
				®¯�			
:⎯⎯⎯< 		𝑋[(−𝑘)�] 𝑥∗[𝑛] 		

				®¯�			
:⎯⎯⎯<		𝑋∗[(−𝑘)�] 

 𝑥R°[𝑛] =
𝑥[𝑛] + 𝑥∗[(−𝑛)�]

2
= 𝑥R°∗ [(−𝑛)�] 		

				®¯�			
:⎯⎯⎯< 		ℜ{𝑋[𝑘]} 

 𝑥U°[𝑛] =
𝑥[𝑛] − 𝑥∗[(−𝑛)�]

2
= −𝑥U°∗ [(−𝑛)�] 		

				®¯�			
:⎯⎯⎯< 		𝑗ℑ{𝑋[𝑘]} 

 ℜ{𝑥[𝑛]} 		
				®¯�			
:⎯⎯⎯<		𝑋R°[𝑘] 
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 𝑗ℑ{𝑥[𝑛]} 		
				®¯�			
:⎯⎯⎯<		𝑋U°[𝑘] 

 𝑥[(𝑛 − 𝑛Y)�] 	 	
				®¯�			
:⎯⎯⎯<			𝑒*5

eO
� aNZ𝑋[𝑘] 

 𝑒5
eO
� NaZ𝑥[𝑛] 	 	

				®¯�			
:⎯⎯⎯< 			𝑋[(𝑘 − 𝑘Y)�] 

 𝑥[𝑛] ⊛ ℎ[𝑛] 	 	
				®¯�			
:⎯⎯⎯< 			𝑋[𝑘]𝐻[𝑘] 𝑥[𝑛]ℎ[𝑛] 	 	

				®¯�			
:⎯⎯⎯<			

1
𝑁
𝑋[𝑘] ⊛ 𝐻[𝑘] 

 𝑥[𝑛] ⊛ ℎ[𝑛] = J 𝑥[ℓ]ℎ[(𝑛 − ℓ)�]
�*�

ℓLY

 

Decimation 𝑑[𝑛] = 𝑥[𝑛𝑀] 𝐷(𝑧) =
1
𝑀
´𝑋v𝑊�

a𝑧
�
�x

�*�

aLY

 

Interpolation 𝑐[𝑛] = ¶𝑥 ·
𝑛
𝐿
¹ , 𝑛		𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒	𝑜𝑓	𝐿

0, 𝑜𝑡ℎ𝑒𝑟	𝑛
 𝐶(𝑧) = 𝑋(𝑧¿) 

FFT DIT 𝑋[𝑘] = 𝐺[𝑘] +𝑊�
a	𝐻[𝑘] 𝑋[𝑘 + 𝑁/2] = 𝐺[𝑘] −𝑊�

a	𝐻[𝑘] 
FFT DIF 𝑔[𝑛] = 𝑥[𝑛] + 𝑥[𝑛 + 𝑁/2] ℎ[𝑛] = (𝑥[𝑛] − 𝑥[𝑛 + 𝑁/2])𝑊�

N 
   

Arithmetic/Geometric 
progression J𝑘

�

aL�

=
𝑀(𝑀 + 1)

2
 J𝛼a

�

aLY

=
1 − 𝛼�-�

1 − 𝛼
 

Sum of squares J𝑘e
�

aL�

=
𝑀(𝑀 + 1)(2𝑀 + 1)

6
 

Trigonometric 
identities cos(𝛼 ± 𝛽) = cos(𝛼) cos(𝛽) ∓ sin(𝛼) sin(𝛽) 

 sin(𝛼 ± 𝛽) = sin(𝛼) cos(𝛽) ± sin(𝛽) cos(𝛼) 

 sin(𝛼) + sin(𝛽) = 2 sinÅ
1
2
(𝛼 + 𝛽)Æ cos Å

1
2
(𝛼 − 𝛽)Æ 

 cos(𝛼) + cos(𝛽) = 2 cos Å
1
2
(𝛼 + 𝛽)Æ cos Å

1
2
(𝛼 − 𝛽)Æ 

   

 

𝜃 0 𝜋/6 𝜋/4 𝜋/3 𝜋/2 

sin(𝜃) 0 1/2 √2/2 √3/2 1 

cos(𝜃) 1 √3/2 √2/2 1/2 0 

tan(𝜃) 0 √3/3 1 √3 ∞ 
 

 
 


